2 -based heavy fermion systems with a crystalline-electric-field (CEF) singlet ground state, the Non-Fermi Liquid (NFL) arises around the quantum critical point (QCP) due to the competition between the CEF singlet and the Kondo-Yosida singlet states. In such a case, the characteristic temperature T * F at which the entropy starts to decrease toward zero is suppressed by the effect of the competition, compared to both energy scales characterizing each singlet state, the lower Kondo temperature (TK2) and the CEF splitting (∆). We show that in the case of tetragonal symmetry T * F is not affected by the magnetic field up to H * z which is determined by the distance from the QCP or characteristic energy scales of each singlet states, not by T * F itself. As a result, in the vicinity of QCP, there are parameter regions where the NFL is robust against the magnetic field, at an observable temperature range T > T * F , up to H * z which is far larger than T * F and less than min(TK2, ∆). Our result suggests that such an anomalous NFL behavior can arise also in systems with other CEF symmetry, which might provide us with the basis to understand the anomalous behaviors of UBe13.
Introduction
In the last decade or so, non-Fermi liquid (NFL) behaviors around quantum critical point (QCP) have been one of main issues in physics, not only in heavy fermion systems, 1) but also in those exhibiting the Mott transition.
2) Of these NFL behaviors, those of heavy fermion systems with f 2 -configuration form a kind of subclass in which the QCP is triggered by local criticalities: such as the two-channel Kondo effect (TCKE) due to the non-Kramers doublet state, 3, 4) and that caused by the competition between the crystalline-electric field (CEF) singlet and the Kondo-Yosida (K-Y) singlet states.
5, 6)
The former TCKE was reported to be observed in La 1−x Pr x Pb 3 that has a Γ 3 non-Kramers doublet ground state in the cubic symmetry.
7) The NFL behaviors in Th 1−x U x Ru 2 Si 2 were understood in a unified way by assuming that the system is located near the phase boundary between the CEF singlet and the K-Y singlet states. 5) owever, a detailed study about the magnetic field dependence on NFL behaviors has not been performed so far.
In the present paper, we investigate the magnetic field dependence of NFL behaviors in the specific heat C imp (T ) and the entropy S imp (T ) due to f-electrons with the two-orbital impurity Anderson model in a tetragonal symmetry with the CEF singlet ground state on the basis of the numerical renormalization group (NRG) method. 8, 9) We discuss how the magnetic field, H z , changes the characteristic temperature, T * F , which is defined as the temperature at which the temperature derivative of entropy, ∂S imp (T )/∂(log T ), takes the maximum value as S imp (T ) approaching 0 as T → 0. In the * E-mail address: nishiyama@blade.mp.es.osaka-u.ac.jp vicinity of the QCP, T * F is suppressed by the effect of the competition between the CEF singlet and the K-Y singlet states for H z = 0, and the NFL behaviors occur at T * F < T < T K2 , where T K2 is the lower Kondo temperature of two orbitals, as in the case of TCKE. The magnetic field is shown not to affect T * F up to a certain value H * z which is determined approximately by the condition that the effect of the magnetic field, destroying a criticality of the TCKE type, becomes comparable to the effect of the deviation from the criticality at H z = 0. H * z so determined is far larger than T * F (H z = 0) for a reasonable set of parameters. As a result, the NFL behaviors become robust against the magnetic field up to H * z ∼ T K2 which is about hundred times larger than T * F (H z = 0). This paper is organized as follows. In §2, the model Hamiltonian is introduced and transformed into a form suitable for the NRG calculation. In §3, we discuss how the characteristic temperature T * F is affected by the effect of the competition between the CEF singlet and the K-Y singlet states in the case of H z = 0. In §4, we demonstrate the magnetic field dependence of T * F and γ imp (T ) = C imp /T . In the vicinity of the QCP, there are parameter regions where − log T behavior of γ imp , at temperature T * F < T < min(T K , ∆), is robust against the magnetic field. In §5, we investigate how such an anomalous NFL is affected by the change of the characteristic energy scale of two singlet states. In §6, we summarize our results and discuss their applicability for understanding the magnetically robust NFL behaviors observed in UBe 13 because such an NFL being robust against the magnetic field can arise in systems with other symmetry if the K-Y singlet state and the CEF singlet state
It is noted that we cannot determined coefficients, α and β, because we have discarded one of the doublet in f 1 -configuration. Therefore, in this paper, we take its j − j coupling representation as f 2 states with Γ
5 symmetry as shown in Appendix including the derivation of eqs. (1)- (8) .
We assume that the CEF ground state is the singlet (Γ 4 ), the first excited CEF states are magnetic doublet (Γ 5 ) with the excitation energy ∆, and the second excited CEF state is the singlet (Γ 3 ) with the excitation energy K, as shown in Fig.1 . Such a CEF level scheme can be reproduced by introducing the "antiferromagnetic Hund's-rule coupling" for the pseudospin as
where coupling constants are defined as J ⊥ = K and J z = 2∆ − K, respectively, and S i is a pseudospin operator of the localized electron in the orbital i defined as
Furthermore, assuming that f-electrons constructing the f 2 state hybridize with conduction electrons which have the same symmetry as each f 1 state. Thus the system can be described by the two-orbital impurity Anderson model with the "antiferromagnetic Hund's-rule coupling" as follows:
where f iσ (f † iσ ) and c kiσ (c † kiσ ) are annihilation (creation) operators of the f-electron on the orbital i with the energy E f i and the conduction electron with wave vector k hybridizing with the f-electron with the symmetry of the orbital i with strength V i k . Here, the on-site intraorbital Coulomb repulsion U i is explicitly taken into account, while other Coulomb repulsion terms like the inter-orbital or the exchange interaction, are implicitly included in the "antiferromagnetic Hund's-rule coupling" of (9) .
To analyze properties of the system described by the Hamiltonian (11) by the Wilson NRG method, 8, 9) we transform the conduction electron part as usual. For simplicity, we take conduction bands to be isotropic in momentum space, i.e. the hybridization depends only on the orbital i, V i k ≡ V i , and symmetric in the energy space (with an extent from −D to D) about the Fermi level. We discretize conduction bands logarithmically with the discretization parameter, Λ, and perform the unitary transformation assuming the density of state in conduction bands as constant. Thus, eqs. (12) and (13) can be rewritten as
where f i,n (f † i,n ) is the annihilation (creation) operator of the conduction electron in the shell orbital whose extent is k F Λ n/2 and f i,−1σ ≡ f iσ . The hopping integral between n-th and (n + 1)-th shell states, t n , is expressed as
Then, we define H N which approaches H/(D(1+Λ −1 )/2) in the limit N → ∞ as follows:
where the tilde indicates that energies are measured in a unit of D(1 + Λ −1 )/2. The Hamiltonian (18) satisfies the recursion relation
(19) We solve the whole sequence of Hamiltonian (H N ) by using the recursive form (19) with keeping states up to 1500 states in each iteration step, and use Λ = 3.0 in all the calculations below unless explicitly stated.
NFL Behavior due to Competition between
CEF and K-Y singlets In this section, we discuss the effect of the competition between the CEF singlet and the K-Y singlet states, which can give rise to a NFL state. It is already known that the system described by the Hamiltonian (11) has the competition between the K-Y singlet and the f 2 -CEF singlet states.
5) In general, the energy level and the strength of hybridization with conduction electron in each f-orbital are different. In the present paper, we take parameters so that the Kondo temperature of orbital 2 is always lower than that of orbital 1: i.e., we set parameters of the two-orbital impurity Anderson model, eq (11) , as parameter ∆. Analyzing near the critical point in more detail, the critical value of ∆ is determined as ∆ * ≃ 0.112 for K = 0.16. Fig.3 shows the result of the temperature dependence of S imp (T ), the entropy due to f-electrons, near the critical point. As mentioned above, the characteristic temperature T * F is defined as the temperature at which the temperature derivative of entropy, ∂S imp (T )/∂(log T ), takes the maximum value just before S imp (T ) approaching 0 as T → 0. As seen in Fig.3 , T * F is drastically suppressed by the effect of the competition near the critical value of CEF splitting ∆ = 0.112 ≃ ∆ * . Fig.4 shows the ∆ dependence of T * F which is obtained by numerical calculations of S imp (T ). In the case of ∆ < ∆ * , the K-Y singlet state is the ground state, and two localized moments S 1 and S 2 are screened out independently by corresponding conduction electrons, where each Kondo temperature is affected by the interaction between f-electrons. In this case, the total phase shift of conduction electrons characterizing this fixed point is δ = π (δ 1 = π/2, δ 2 = π/2), and T * F is given by a value slightly lower than the Kondo temperature T K2 , if ∆ is much smaller than ∆ * . On the other hand, in the case of ∆ > ∆ * , the CEF splitting (antiferromagnetic interaction between f-electrons in the model Hamiltonian, (11) ) is so large compared to the energy gain related to the formation of K-Y singlet states that the CEF singlet becomes the ground state. In this case, the remaining conduction electrons are not scattered by f-electrons, and as a result the total phase shift is δ = 0 (δ 1 = 0, δ 2 = 0). When ∆ ≫ ∆ * , T * F becomes close to the excitation energy K between two singlet states.
Such an interchange of the ground state can be understood by considering that the increase of ∆ causes the stabilization of the level of the CEF singlet state as shown in Fig.5 . In the case of ∆ ∼ ∆ * , T * F is determined not by characteristic energies of the K-Y singlet and the CEF singlet states, but by the energy splitting between two singlet states, ∆E: i.e., T * F ∼ ∆E. Particularly, at the critical point, the degeneracy of the K-Y singlet and the CEF singlet states is not lifted even at T = 0, making T * F = 0 and lim T →0 S imp = 0.5 log 2. In other words, at low enough temperatures, the localized moment S 1 of orbital 1 has already been screened out by conduction electrons in orbital 1 below T K1 , while S 2 of orbital 2 still has the degree of freedom as localized moment. Therefore, the effective Hamiltonian of (11) near the fixed point behaves as the two-channel Kondo model (TCKM) 10, 11) because S 2 interacts with two "conduction" electron channels, one is the conduction electrons on orbital 2 and the other is a complex of conduction electrons on orbital 1 and screened S 1 as discussed in ref. 10 . Fig.6 shows the ∆ dependence of the Sommerfeld co- efficient, γ imp (T ) ≡ C imp (T )/T , due to f-electrons for various temperatures. For all ∆ shown in Fig.6 , γ imp (T ) increases monotonically down to T = 7.0 × 10 −7 as decreasing T . At ∆ = ∆ * ≃ 0.112, the increase of γ imp (T ) does not stop and exhibits divergence in the limit T → 0 because the structure of the fixed point is the same as that of TCKM as discussed above. For ∆ off the critical value ∆ * , the increase of γ imp (T ) stops at around the characteristic temperature T * F leading to the Fermi liquid behavior at T < T * F . γ imp (T ) takes a dip structure around ∆ ∼ ∆ * at higher temperature region. This is because S imp (T ) has only a weak T dependence in a wide temperature range 0 ∼ T * F < T < T K2 or ∆ around ∆ ≃ ∆ * as can be seen in Fig.3 . It is remarked that the enhanced part of γ imp (T ) near ∆ ∼ ∆ * in the low temperature limit from the background part at |∆ − ∆ * | ≫ ∆ * arises from the effect of the competition between the K-Y singlet and the CEF singlet states. The part of the background is essentially given by an inverse of T K2 or ∆, and is overwhelmed by the enhanced part near ∆ ∼ ∆ * . Note that the ordinate of Fig.6 is represented in a logarithmic scale.
Although we take ∆ as a control parameter here, we can expect a similar behavior of γ imp through other parameters, such as the hybridizations V 1 and V 2 , which can also control the competition between levels of two singlet states. It is also remarked that such an anomalous behavior of γ imp can be realized in systems with other symmetry: e.g., in UBe 13 with cubic symmetry. [12] [13] [14] In this material, γ shows the similar behavior as shown in Fig.6 through the change of the lattice constant, a 0 , which is controlled by replacing the U atom partly with other nonmagnetic elements. It is remarkable that γ takes a maximum value at a 0 = a * 0 , which is approximately the same as the lattice constant of UBe 13 .
15) Experimentally, in a series of materials with a 0 < a * 0 , the Kondo like upturn is observed in the resistivity in the low temperature region, while in those with a 0 > a * 0 , the temperature dependence of the resistivity can be explained by the effect of the CEF with the singlet ground state. Then, we expect that UBe 13 is located near the critical point in this series of materials. 
Magnetic Field Dependence of Non-Fermi Liquid Behavior
In this section, we discuss the magnetic field dependence of the NFL behavior of γ imp (T ). The effect of the magnetic field on f 1 states is taken into account through the Zeeman term for total angular moment, H Zeeman (f 1 ) = −g J µ B j z H z , with j = 5/2 and g j = 6/7. That on f 2 states arises from the diagonal (for Γ (2) 5 doublet) and the off-diagonal (for Γ 3 and Γ 4 singlets) matrix elements of two-electron Zeeman term H Zeeman (f 2 ); e.g., Γ Fig.7 , we show the magnetic field dependence of the characteristic temperature T * F near the critical point; i.e., ∆ = 0.108, 0.110, 0.112(≃ ∆ * ), 0.114, 0.116 and 0.118. It is noted that T * F (H z ) remains constant for H z less than the characteristic magnetic field H * z which is defined approximately as that from which T * F (H z ) starts to increase as increasing H z (as shown by circles in Fig.7) . Explicitly, the characteristic magnetic field H * z is considered to be determined by a competition of two effects which destroy the TCKM-type NFL fixed point: one is a distance of ∆ from ∆ * and the other is the magnetic field which breaks the degeneracy corresponding to S imp (T = 0) = 0.5 log 2 due to the TCKE, the origin of the TCKM-type NFL fixed point. Namely, H * z is given by the energy scale characterizing a crossover from the TCKM-type NFL behavior to the polarized Fermi liquid behavior beyond the effect of the distance of ∆ from the critical value ∆ * . Since γ imp (T ) exhibits the divergent increase around ∆ ∼ ∆ * in the temperature region T > T * F (H z ) as decreasing T , γ imp (T ) exhibits a NFL behavior in the same temperature region T > T * F (H z ). Since T * F (H z ) remains almost unchanged up to H z = H * z , the NFL behaviors are expected to remain robustly even under the magnetic field H z > T * F (H z ) so long as H z < T K2 . This behavior is reproduced by explicit calculations of γ imp (T ) under various magnetic fields as shown below.
In Fig.8 , we show the temperature dependence of γ imp (T ) for ∆ = 0.112 (≃ ∆ * ) and ∆ = 0.118 under various magnetic fields of up to H z = 1.2 × 10 −3 . Extremely close to the criticality at ∆ = 0.112 ≃ ∆ * , γ imp (T ) is enhanced by the magnetic field as shown in Fig.8(a) . This is because T * F (H z ) increases appreciably from 10 −7 to 10 −5 corresponding to the increase of the magnetic field H z from 10 −4 to 10 −3 , resulting in an increase of ∂S imp (T )/∂(log T ) = C imp (T ), so γ imp (T ), at T > 10 −5 . On the other hand, at ∆ = 0.118 slightly off the criticality, γ imp (T ) is robust against the magnetic field up to H z = 1.2 × 10 −3 for the temperature region T > 3 × 10
as shown in Fig.8(b) . This is because T * F (H z ) remains almost unchanged up to H z = H * z ∼ 10 −3 so that γ imp (T ) remains the same as that at H z = 0 for T > T * F ≃ 10 −5 . These kinds of NFL behaviors arise also in the region of the K-Y singlet state, i.e., ∆ < ∆ * , although we do not show the results explicitly.
Kondo-Temperature Dependence of NonFermi Liquid Behavior under Magnetic Field
In this section, we investigate the properties of the NFL behavior of γ imp (T ) under magnetic field of systems with other T K2 by changing V 2 as V 2 = 0.25 and 0.20 for various sets of the CEF parameter, (K, ∆). Other parameters are set to be the same as those in the previous section: i.e., E f 1 = E f 2 = −0.4, U 1 = U 2 = 1.0, and V 1 = 0.45. In the case of K = ∆ = 0, each lower Kondo temperature can also be determined by the Wil- For H z = 0, T * F is also suppressed as in the case of V 2 = 0.30 in the vicinity of the critical point ∆ ∼ ∆ * . It is noted that the decrease of T K2 and ∆ does not appreciably affect T * F , i.e. T * F ∼ 10 −5 for both cases of (a) and (b), which is determined from calculations corresponding to Fig.3 . This is because T * F is determined by the energy splitting between the K-Y singlet and the CEF singlet states, and does not depend on the characteristic energy scale of each singlet state. Under the magnetic field, the effect on the NFL behavior is markedly different in two cases (a) and (b). In the case of (a) with V 2 = 0.25, the NFL behavior of γ imp (T ) is rather robust against the magnetic field (up to H * z ) in a wide temperature range (T > T * F ) as in the case of V 2 = 0.30, while in the case of (b) with V 2 = 0.20, γ imp (T ) is sensitive to the magnetic field because the characteristic magnetic field H * z is comparable to the lower Kondo temperature, T K2 . Namely, in the case of V 2 = 0.20, the magnetic field H z > T K2 ≃ 8.92 × 10 −5 suppresses γ imp (T ) by breaking the K-Y singlet ground state. It is noted that in the case T K2 > ∆, the suppression of γ imp (T ) as in the case of Fig.8(b) is expected for H z > ∆ by breaking the CEF singlet states. Thus, the magnetic field dependence of the NFL behavior of γ imp (T ) is determined not by the characteristic temperature T * F , but by the characteristic magnetic field H * z which is determined by the characteristic energy scale of each singlet state, T K2 and ∆, or the distance from the critical point.
Conclusion and Discussion
We have investigated the effect of the magnetic field on the NFL behaviors due to the competition between the K-Y singlet and the CEF singlet states in f 2 -based heavy fermion systems with tetragonal symmetry. The effect of the competition suppresses the characteristic temperature T * F , corresponding to a peak of the specific heat, C imp (T ), to a much smaller value than the characteristic energy scale of each singlet states: i.e., T K2 , the lower Kondo temperature, and ∆, the energy splitting between the CEF singlet ground state and the first excited doublet states. T * F is determined approximately by ∆E, the energy difference between two singlet states, and there exists the two-channel Kondo model (TCKM) type NFL behaviors at T * F < T < T K2 . Namely, near the critical point, ∆ ∼ ∆ * , the Sommerfeld coefficient
In the vicinity of the critical point, T * F was shown not to be affected by the magnetic field up to a certain value H * z , while T * F is increased for H * z < H z < min(T K2 , ∆). As a result, the NFL behavior of γ imp at T > T * F is robust against the magnetic field H < H * z . Then, for reasonable sets of parameters, the NFL behaviors being robust against a magnetic field of up to H * z can occur at an observable temperature range. Thus, the magnetic field dependence of this NFL is characterized by H * z which is determined by the characteristic energy scales of two singlet states and the distance from the critical point.
In the present paper, we have discussed physical properties in the tetragonal symmetry. However, also in the case of other crystal symmetries, it is expected that there remains the effect of the competition between the K-Y singlet and the CEF singlet states, leading to the NFL behaviors similar to the present case. One example would be the case of the cubic system UBe 13 which seems to be located near the phase boundary between the K-Y singlet and the CEF singlet states, according to a series of experiments of lim T ∼0 C(T )/T for systems of solid solution, U 1−x T x Be 13 , where the lattice constant a 0 is changed in a wide range covering both the K-Y singlet and the CEF singlet ground states. 15) Moreover, pure UBe 13 exhibits the NFL behavior, C(T )/T ∼ − log T up to H z = 12 Tesla. 14) Of course, precisely speaking, results of the present paper are for the system of f 2 -impurity so that we should be careful in deriving a solid conclusion. Indeed, an approach based on the dynamical mean field concept is indispensable for deriving a solid conclusion for lattice systems, in which the present results would be inherited to the solver of impurity problem. Nevertheless, we expect that the effect of the compe-tition plays an important role for UBe 13 to exhibit such a NFL behavior rather robust against the magnetic field larger than the effective Fermi energy inferred from the value of lim T ∼0 C(T )/T . Namely, the lower Kondo temperature would be larger than 12K from the fact that the NFL behavior lim T ∼0 C(T )/T ∼ − log T in UBe 13 is robust against the magnetic field up to 12 Tesla at least. 14) Were it not for the superconducting state at T < T c ≃ 1K, there would exist the peak with specific heat near at T = T * F . Predictions of the present paper may be checked by experiments in some U-diluted system of UBe 13 near the phase boundary between the K-Y singlet and the CEF singlet states under pressures and/or magnetic fields.
